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We investigate a spin-full double quantum dot (DQD) coupled to the leads in a pseudospin valve
configuration. The interplay of interaction and interference produces in the stability diagram a rich
variety of resonances, modulated by the system parameters. In presence of ferromagnetic leads and
pseudospin anisotropy, those resonances split, turn into dips and acquire a Fano shape thus revealing
a synthetic spin-orbit coupling induced on the DQD. A set of rate equations derived for a minimal
model captures those features. The model accurately matches the numerical results obtained for the
full system in the framework of a generalized master equation and calculated within the cotunneling
approximation.
Quantum dots (QDs) are characterized by a charging
energy and by a discrete energy spectrum, both originat-
ing from the spatial confinement of their electronic wave-
functions. The many-body spectrum of QDs is probed
in great detail by coupling them weakly to metallic leads
and measuring their transport characteristics as a func-
tion of bias and gate voltage. The sequential tunneling
(ST) of electrons, hopping from source to drain through
the dots, typically produces a differential conductance
with Coulomb diamonds decorated by parallel resonant
lines which are the spectroscopic signatures of the charg-
ing energy and the discrete many-body spectrum.
Degeneracies [1] enrich the ST dynamics with inter-
ference effects. The latter originate from the coher-
ent superposition of the degenerate states, which arise
in this coherent-sequential-tunneling (CST) regime and
are modulated by the external parameters like the bias
and gate voltage. For a spin-full level coupled to non-
collinearly polarized ferromagnetic leads (a QD spin
valve), interference between the degenerate spin states in-
duces spin accumulation, precession and relaxation, with
a resulting non-equilibrium spin polarization of the dot
[2–9] and spin torque on the leads [10].
For a QD spin valve with almost antiparallel lead po-
larization, a novel spin resonance has been predicted [11]
within the one-particle Coulomb diamond. A crucial role
in this phenomenon is played by the exchange magnetic
field [2] generated by virtual electronic charge fluctua-
tions between the dot and the leads, i.e. the Lamb shift
correction to the dot Hamiltonian. Also, orbitally degen-
erate states support naturally interference if combined
with couplings to the leads which mix the tunneling chan-
nels [12, 13], as it has been demonstrated for semiconduc-
tor wires [14, 15], QD molecules [16–21], single-molecule
junctions [19, 22, 23] and suspended carbon nanotubes
(CNTs) [24]. The control of a QD spin valve is a paradig-
matic example of spintronics. Valleytronics concerns in-
stead the manipulation of a state living in a twofold or-
bitally degenerate space. Very recently, this concept has
been further extended to the one of flavortronics [25], for
interacting systems with n-fold degeneracy.
In this Letter, we investigate the interplay between
FIG. 1. Schematic setup of a DQD in a pseudospin valve
configuration: The left/right lead (L/R) is more strongly cou-
pled to the bottom/top dot (B/T). The angle θ . pi between
the pseudospin polarization of the leads ensures the mixing
of the pseudospin states. A bias voltage (Vb) applied to the
leads and a gate voltage (Vg) control the transport character-
istics of the DQD. The blue arrows indicate the parallel spin
polarization of the leads.
valleytronics and spintronics, between the pseudospin of
a DQD with orbital degeneracy and the spin polariza-
tion of the ferromagnetic leads. The spatial decay of the
Coulomb interaction implies a pseudospin anisotropy on
the DQD. In presence of ferromagnetic leads, synthetic
spin-orbit interaction emerges. The latter intertwines the
spin and the pseudospin degrees of freedom and is re-
vealed by a set of resonances in the stability diagram,
which split, turn into dips and acquire a Fano shape by
changing the spin polarization of the leads.
Model - The spin-full DQD coupled to ferromagnetic
leads schematically shown in Fig. 1 is described by the
system-bath Hamiltonian: H = HB + HS + HT. The
bath component reads HB =
∑
lσk εlσkc
†
lσkclσk where
l = L/R labels the left/right lead, σ the spin index and
k the momentum both in the lead energy level εlσk as
well as in the operators clσk. The system Hamiltonian
HS =
∑
r [(eVg + ε
∗)nr + Unr(nr − 1)/2] + V ntopnbot,
in which nr counts the electron number on the top or
bottom dot, contains the on-site energy ε∗ shifted by a
gate voltage Vg as well as U and V , respectively the local
and the inter-dot Coulomb interaction. The pseudospin
formulation of the system Hamiltonian (cf. Supplemen-
tal Material) is characterized by a pseudospin anisotropy
proportional to U − V , essential for the synthetic spin-
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2orbit effects described below. The tunneling Hamiltonian
HT =
∑
lσkn tl,nc
†
lσkdn + h.c. combines via the tunneling
amplitudes tl,n the bath operators with system operators
dn where n labels a single-particle basis for the DQD.
The CST dynamics of a system with quasi-degenerate
many-body spectrum is expressed in terms of tunneling
rate matrices [26, 27]. The latter are deduced from HT as
(Γl)nm = 2pi/~
∑
lσk t
∗
l,ntl,mδ(ε−εlσk) and they factorize,
in absence of intrinsic spin-orbit coupling, into a spin (s)
and an orbital (o) or pseudospin component:
Γl = Γ
0
l (1 2 + P
snsl · σ)⊗ (1 2 + P onol · σ) (1)
where Γ0l is the bare tunneling rate for the l-lead, P
s(o)
and n
s(o)
l are the strength and the direction vector of the
spin (pseudospin) polarization of the lead and σ is the
vector of the Pauli matrices σx, σy and σz.
We choose parallel spin and almost antiparallel pseu-
dospin directions noL/R =
(
cos θ2 , 0,∓ sin θ2
)
with θ =
0.95pi (cf. Fig. 1). Moreover, we consider high pseudospin
polarizations (P o ≈ 1) to achieve an essentially closed
pseudospin valve [11]. Comparable pseudospin polariza-
tion strengths have been observed recently in suspended
CNTs [24].
Methods - The transport characteristics are calculated
with two complementary approaches. On the one side,
a next-to-leading-order expansion in the tunneling cou-
pling is performed using a generalized master equation.
To this end, the kinetic equation for the reduced density
matrix ρred = TrB {ρ}, i.e. the trace over the bath of
the total density matrix, is obtained with the Nakajima-
Zwanzig projector technique [28, 29]. The steady state is
defined by ρ˙∞red = 0 = (LS +K) ρ∞red where the Liouville
superoperator, in general defined as Lρ = − i~ [H, ρ], is
taken here with respect of HS. The Kernel superopera-
tor K reads
Kρ∞red = TrB
{
LT
∞∑
n=0
(
G˜0QLTQ
)2n
G˜0LTρ∞red ⊗ ρB
}
(2)
where Q = 1−P with P = TrB {•} ⊗ ρB is a Nakajima-
Zwanzig projector, ρB is the equilibrium density operator
for the bath and G˜0 is the Liouville space propagator in
absence of tunneling coupling [30–33]. The first term of
the sum in (2) reproduces the ST regime. We consider
here a truncation up to the cotunneling regime (n = 1; cf.
Supplemental Material). Eventually, from the stationary
density matrix ρ∞red, we calculate the stationary current
at lead l as Il = TrS {Klρ∞red} where the current Kernel
is obtained from the propagator kernel in (2) by chang-
ing the leftmost tunneling Liouvillean with the current
operator [30–33]. A novel treatment of the cotunneling
integrals founded on the work of [30, 32, 34, 35] allowed
us for the implementation of a transport code which in-
cludes all coherences necessary to capture the interfer-
ence effects in our system. Moreover, a systematic test
of robustness for such effects beyond the ST approxima-
tion has been achieved.
In a complementary approach, we set up a minimal
model in the regime of CST (cf. [25]). As we focus on
the resonance between zero and one particle, we restrict
here to the coupled dynamics of the populations p0 and
pσ (empty and singly occupied DQD with spin σ) com-
plemented by one of the pseudospin vectors Tσ:
p˙0 = − 4γ+p0 +
∑
σ
Dσ
[
γ−pσ + 2γ− · Tσ
]
, (3)
p˙σ = Dσ
[
2γ+p0 − γ−pσ − 2γ− · Tσ
]
, (4)
T˙σ = Dσ
[−γ−Tσ + γ+p0 − 12γ−pσ]+Bσ × Tσ (5)
where γ± =
∑
l Γ
0
l f
±
l (ε)n
o
l , γ
± =
∑
l Γ
0
l f
±
l (ε) and
D↑(↓) = 1 ± P s. The Fermi-functions are dependent on
the temperature T with kB the Boltzmann constant, the
chemical potential µl of the lead l and p = ± which indi-
cates in- or out-tunneling: fpl (ε) = 1/(e
p(ε−µl)/(kBT )+1).
The term 2γ− · Tσ in (3)-(4) ensures the coupling of the
populations and the accumulated pseudospin. Three con-
ceptually different mechanisms yield the time evolution
of the pseudospin: the first term in (5) describes relax-
ation, accumulation due to changes in the populations
characterizes the following two terms. The last term con-
tains the spin dependent pseudo exchange fieldBσ which,
analogously to magnetic fields, generates pseudospin pre-
cession. The exchange field is defined as
Bσ=
∑
l
2P oΓ0l [Dσ (pl(E1 − E0)− pl(E2g − E1))nol
+Dσ¯ (pl(E2e − E1)− pl(E2g − E1)) (nol · ez) ez] (6)
with pl(x) = ReΨ
(0)( 12 +
i(eVg+x−µl)
2pikBT
) where Ψ(0)(z) is
the digamma-function. The subscript of the energy Ex
labels the one-particle state (1) and the two-particle ex-
cited/ground state (2e/2g). It is crucial to include in the
exchange field the two-particle energies containing U and
V , even though we do not account for the populations of
those states. Also, energy levels far from the ST reso-
nance (∆E/kBT  1) do influence the exchange field
due to the logarithmic tails of the digamma-functions.
Results - In Fig. 2 stability diagrams of a DQD in
the cotunneling regime are displayed for several spin po-
larizations of the leads. We focus on the one-particle
Coulomb diamond, highlighted in panel (a) by the dot-
ted white lines. Here we would normally expect an es-
sentially fixed particle number and, due to Coulomb re-
pulsion, only an exponentially suppressed current. An
exception to this rule can be clearly seen in panel (a)
where a distinctive resonance, highlighted by the dashed
black line, is cutting through the Coulomb diamond. In-
creasing the spin polarization P s (Fig. 2 (b)-(d)) leads to
a splitting of this resonance, marked by the dashed lines.
In the upper right corner of Fig. 2 (d), a resonance can be
observed even outside the diamond. This transport effect
is explained by pseudospin resonances in analogy to the
3FIG. 2. Differential conductance shows pseudospin resonances in a DQD and is tuned by spin polarization P s: The one-
particle diamond is highlighted by the dotted white lines in panel (a). The three vertical black lines (F,,N) indicate the bias
traces of Fig. 4. The dashed magenta (black) line is the resonance condition of the ↑(↓)-electrons (cf. (7)). The solid white line
indicates the minimum of Bσ,⊥ which matches perfectly a local minimum within the pseudospin resonance. The parameters
are the following: U = 2V , kBT = 0.05V , P
o = 0.99, θ = 0.95pi, ΓR = 2.5× 10−3V = 2ΓL, ε∗ = −2V and W = 250V .
spin resonances reported in [11]. The pseudospin is asso-
ciated with the orbital degree of freedom of the DQD. In
our setup, the orbital polarizations of the leads are almost
antiparallel thus resulting in an almost closed pseudospin
valve. The latter is indicated in Fig. 1 by the different
sizes of the arrows connecting the leads and the dots.
Solely varying the coupling strength would correspond
to a sweep of the lead polarization along the z-direction.
Pseudospin resonances require, instead, non-collinear or-
bital polarizations as well as an asymmetry in the bare
coupling strength Γ0l between the right and left lead. The
latter shifts the resonance away from the zero bias line
[11]. The necessary σx or σy orbital polarization of the
leads translates into non-diagonal Γl-matrices, which can
be interpreted as tunneling to a coherent superposition
of two different orbitals. Experimental evidence of such
coherent superpositions for QDs in the weak tunneling
regime has been reported [14, 24]. In the framework of
(3)-(5), vectorial resonance conditions can be formulated
similarly to the ansatz in [11, 25]:
Bσ · (noL − noR) = 0. (7)
The spin dependent exchange field generates two dis-
tinct conditions, each determining the position of the
corresponding resonance in the Vg-Vb-plane: the magenta
(black) dashed line in Fig. 2 for the ↑ (↓)-electrons. The
accuracy of (7) in determining the resonance positions re-
duces as θ is chosen further away from antiparallel align-
ment. In contrast to the resonance conditions formulated
in [11] and in [25], we choose (7), where the drain and the
source equally participate, since it matches the numeri-
cal resonances on a broader parameter range. Despite the
subtle differences, though, all three conditions mentioned
above can only predict the position of the resonances, but
not their character. The same resonance condition corre-
sponds to a dip in the current (F in Fig. 2), or to a peak
(N) and even to a Fano-like asymmetric peak-dip (). Fi-
nally, the current peak is strongly modulated along the
same resonance line and it can even disappear, as ex-
emplary highlighted in panel (a) of Fig. 2 with the solid
white line. The discovery and explanation of such qual-
itative differences in the pseudospin resonances, which
originate from the intertwining of spin and pseudospin,
represent the main result presented in this Letter.
For a deeper understanding of the numerical data of
Fig. 2, we further elaborate on the equations of motion
of (3)-(5). Solving (5) in the stationary limit leads to
Tσ =
aσ
a2σ+B
2
σ
(
bσ +
Bσ·bσ
a2σ
Bσ +
Bσ×bσ
aσ
)
with aσ = Dσγ
−
and b = Dσ
(
γ+p0 − 12γ−pσ
)
. By substituting Tσ into
(3)-(4), the problem is reduced to a set of effective rate
equations for the populations p0 and pσ with the transi-
tion rates schematically indicated in Fig. 3. The station-
ary current reads, correspondingly,
IL = 4γ
+
L p0 +
∑
σ
Dσ
(−γ−L pσ − 2γ−L · Tσ) . (8)
The panels (a), (c) and (e) of Fig. 4 show a direct compar-
ison between the absolute value of the current as obtained
form the full numerical calculation (orange) and the an-
alytical approach (blue) of (8). In all three cases, the
analytical result well reproduces the qualitative behavior
of the current and the position of its extrema.
In a simple physical picture, we expect a peak in the
current whenever the pseudospin precession caused by
the exchange field releases the blockade induced by the
pseudospin valve. A dip arises, instead, whenever this
mechanism is locally suppressed. Both phenomena hap-
pen in close vicinity to the aforementioned resonance con-
4FIG. 3. Rate scheme of the three populations p0, p↑ and p↓:
The four arrows indicate the rates between the populations
while their size specifies the strength of them. The dashed
rates for the minority spin are furthermore lowered by the
majority spin polarization of the leads.
dition (7). Only the analysis of the effective rates repre-
sented in Fig. 3 allows, though, to distinguish them. The
incoherent superposition of a minority and majority spin
channel yields the current. Its modulation is determined
by the depopulation rates  and η. Thus, as confirmed
by the resemblance between panels (a) and (b) in Fig. 4,
the shape of a ↓-resonance, is given by the bottleneck rate
η = D↓γ−
1− |γ−|2
(γ−)2
1
1 +
B2↓,⊥
a2↓+B
2
↓,‖
 (9)
with B2↓,‖ = (B↓ · γ−)
2
/|γ−|2 and B2↓,⊥ = B2↓ − B2↓,‖
the exchange field components parallel and perpendicu-
lar to γ−. In itself, η is strongly influenced by the ratio
Ω = B2↓,⊥/(a
2
↓+B
2
↓,‖) in which the proposed physical ex-
planation based on the precession dynamics is encoded.
In absence of the perpendicular pseudo magnetic field
component, no precession occurs and the bare pseudospin
valve factor |γ−|2/(γ−)2 reduces the rate. The other ex-
treme is reached when the ratio Ω peaks, therefore sup-
pressing the pseuodspin valve factor. Such phenomenon
only occurs if the absolute value of the parallel compo-
nent |B↓,‖| is minimized, since the dephasing rate a↓ is
proportional to a Fermi-function, which varies smoothly
within the Coulomb diamond.
The dashed lines in Fig. 4 show the accuracy of the
precession argument in determining the position of the
current extrema. The rate , obtained by replacing ↓
with ↑ in (9), is used for the panels (c) and (d) of Fig. 4.
In Fig. 4 (e), both the suppression and the enhancing of
the current appear in close vicinity and form a Fano-like
line shape. In order to emphasize the rather weak dip,
we depicted in Fig. 4 (f) the logarithm of the ratio Ω.
The ratio Ω has two extrema which stem from minima
of the corresponding exchange field components |B↓,⊥|
and |B↓,‖|. Despite its superficial resemblance to a Fano
resonance, the origin of this peak-dip current resonances
cannot be ascribed to the interference processes typical
of Fano resonances, also seen in QD setups [36–40].
Moreover, the relevance of Ω decreases if aσ  |Bσ|,
i.e. when the dephasing rate exceeds the precession fre-
quency and the direction of the exchange field becomes
FIG. 4. Effective rate analysis of the bias traces from
Fig. 2 (d): The absolute value of the current shows (a) a dip
at eVg = 1.9V , (c) a peak at eVg = 1.8V and (e) a Fano-like
shape at eVg = 1.58V . The analytic solution of the effective
ST model is depicted in blue whereas the orange line shows
the full cotunneling calculations. The black (red) dashed lines
indicate the position of the minimum of |Bσ,⊥| (|Bσ,‖|) and
correspond to a minimum (maximum) of the current. (b)
The rate η strongly correlates to the current. (d) The absolute
value of the spin of our system |S| is following the trend of the
current. (f) The logarithm of the ratio Ω = B2↓,⊥/
(
a2↓ +B
2
↓,‖
)
highlights the two extrema of Ω which result in a peak and a
dip in the current.
irrelevant for the transport. Thus, no resonances appear
on the left upper corner in correspondence to the black
and magenta dashed lines of the panels (a)-(d) of Fig. 2
even if they would be predicted by the resonance condi-
tion (7).
Conclusion - A DQD weakly coupled to ferromagnetic
leads in pseudospin valve configuration is characterized
by a rich variety of pseudospin resonances. They decorate
the Coulomb diamonds with novel features which range
from a peak to a dip to a Fano shape in the current.
These transport characteristics reveal the synthetic spin-
orbit interaction induced on the system by the interplay
of leads polarization and pseudospin anisotropy on the
DQD.
5The cotunneling calculations ensure the robustness of
such effect beyond the CST limit. Moreover, with the
help of a minimal model, we give an accurate physical
picture of the resonances and relate their position and
character to a precession dynamics which modulates the
pseudospin valve effect. The generality of the model al-
lows for its applicability to the wide class of nanoscale
junctions with orbital degeneracy, including e.g. single-
molecules junctions or CNT-QDs. Particularly, coherent
population trapping and signatures of pseudospin preces-
sion have been recently demonstrated in a CNT with a
tunneling coupling similar to the one proposed here [24].
Acknowledgments - The authors acknowledge financial
support from the Elite Netzwerk Bayern via the IGK
Topological Insulators and the Deutsche Forschungsge-
meinschaft via the SFB 1277 (subprojects B02 and B04).
We thank moreover M. Grifoni for fruitful discussions.
∗ christoph.rohrmeier@ur.de
[1] “Effectively degenerate are all states with an energy sepa-
ration smaller than the tunnelling induced broadening.”.
[2] J. Ko¨nig and J. Martinek, Phys. Rev. Lett. 90, 166602
(2003).
[3] M. Braun, J. Ko¨nig, and J. Martinek, Phys. Rev. B 70,
195345 (2004).
[4] S. Braig and P. W. Brouwer, Phys. Rev. B 71, 195324
(2005).
[5] W. Rudzin´ski, J. Barnas´, R. S´wirkowicz, and
M. Wilczyn´ski, Phys. Rev. B 71, 205307 (2005).
[6] I. Weymann, J. Ko¨nig, J. Martinek, J. Barnas´, and
G. Scho¨n, Phys. Rev. B 72, 115334 (2005).
[7] R. Hornberger, S. Koller, G. Begemann, A. Donarini,
and M. Grifoni, Phys. Rev. B 77, 245313 (2008).
[8] L. Y. Zhang, C. Y. Wang, Y. G. Wei, X. Y. Liu, and
D. Davidovic´, Phys. Rev. B 72, 155445 (2005).
[9] K. Hamaya, M. Kitabatake, K. Shibata, M. Jung,
M. Kawamura, K. Hirakawa, T. Machida, T. Taniyama,
S. Ishida, and Y. Arakawa, Appl. Phys. Lett. 91, 022107
(2007).
[10] N. M. Gergs, S. A. Bender, R. A. Duine, and
D. Schuricht, Phys. Rev. Lett. 120, 017701 (2018).
[11] M. Hell, B. Sothmann, M. Leijnse, M. R. Wegewijs, and
J. Ko¨nig, Phys. Rev. B 91, 195404 (2015).
[12] D. Darau, G. Begemann, A. Donarini, and M. Grifoni,
Phys. Rev. B 79, 235404 (2009).
[13] M. G. Schultz, Phys. Rev. B 82, 155408 (2010).
[14] H. A. Nilsson, O. Karlstro¨m, M. Larsson, P. Caroff, J. N.
Pedersen, L. Samuelson, A. Wacker, L.-E. Wernersson,
and H. Q. Xu, Phys. Rev. Lett. 104, 186804 (2010).
[15] O. Karlstro¨m, J. N. Pedersen, P. Samuelsson, and
A. Wacker, Phys. Rev. B 83, 205412 (2011).
[16] J. Ko¨nig and Y. Gefen, Phys. Rev. B 65, 045316 (2002).
[17] B. Michaelis, C. Emary, and C. W. J. Beenakker, Euro-
phys. Lett. 73, 677 (2006).
[18] S. Gustavsson, R. Leturcq, M. Studer, T. Ihn, K. Ensslin,
D. C. Driscoll, and A. C. Gossard, Nano Lett. 8, 2547
(2008).
[19] A. Donarini, G. Begemann, and M. Grifoni, Phys. Rev.
B 82, 125451 (2010).
[20] T. Hatano, T. Kubo, Y. Tokura, S. Amaha, S. Teraoka,
and S. Tarucha, Phys. Rev. Lett. 106, 076801 (2011).
[21] M. Niklas, A. Trottmann, A. Donarini, and M. Grifoni,
Phys. Rev. B 95, 115133 (2017).
[22] M. H. Hettler, W. Wenzel, M. R. Wegewijs, and
H. Schoeller, Phys. Rev. Lett. 90, 076805 (2003).
[23] G. Begemann, D. Darau, A. Donarini, and M. Grifoni,
Phys. Rev. B 77, 201406 (2008).
[24] A. Donarini, M. Niklas, M. Schafberger, N. Paradiso,
C. Strunk, and M. Grifoni, Nat. Commun. 10, 381
(2019).
[25] M. T. Maurer, J. Knig, and H. Schoeller, (2020),
arXiv:2004.05661.
[26] A. Donarini, Many-Body Methods for Real Materials,
edited by E. Pavarini, E. Koch, and S. Zhang, Vol. 9
(Verlag des Forschungszentrum Ju¨lich, Ju¨lich, 2019) pp.
393–419.
[27] “In another context, these matrices are called tunnelling
self-energies.”.
[28] S. Nakajima, Prog. Theor. Phys. 20, 948 (1958).
[29] R. Zwanzig, J. Chem. Phys. 33, 1338 (1960).
[30] S. Koller, M. Grifoni, M. Leijnse, and M. R. Wegewijs,
Phys. Rev. B 82, 235307 (2010).
[31] M. Leijnse, Transport spectroscopy and control of molec-
ular quantum dots (2010).
[32] S. Koller, Spin phenomena and higher order effects in
transport across interacting quantum-dots (2010).
[33] M. Niklas, Current and noise properties of interacting
nanojunctions (2018).
[34] D. Mantelli, Analytical and numerical study of quantum
impurity systems in the intermediate and strong coupling
regimes (2016).
[35] M. Milgram, (2004), arXiv:math/0406338.
[36] J. Baran´ski, T. Zienkiewicz, M. Baran´ska, and K. J.
Kapcia, Sci. Rep. 10, 2881 (2020).
[37] M. E. Torio, K. Hallberg, S. Flach, A. E. Miroshnichenko,
and M. Titov, Eur. Phys. J. B 37, 399 (2004).
[38] A. Ba¨rnthaler, S. Rotter, F. Libisch, J. Burgdo¨rfer,
S. Gehler, U. Kuhl, and H.-J. Sto¨ckmann, Phys. Rev.
Lett. 105, 056801 (2010).
[39] Y. Joe, J. Kim, E. Hedin, R. Cosby, and A. Satanin, J.
Comput. Electron. 4, 129 (2005).
[40] A. C. Johnson, C. M. Marcus, M. P. Hanson, and A. C.
Gossard, Phys. Rev. Lett. 93, 106803 (2004).
Supplemental Material: Pseudospin resonances reveal synthetic spin-orbit interaction
Christoph Rohrmeier∗ and Andrea Donarini
Institute of Theoretical Physics, University of Regensburg, 93053 Regensburg, Germany
(Dated: August 25, 2020)
PSEUDOSPIN ANISOTROPY
The interference effects presented in the main text are inherently tied to the anisotropy of the pseudospin in the
double quantum dot. In this section, we reformulate the system Hamiltonian to highlight such anisotropy. The system
Hamiltonian is defined as HS =
∑
r [(eVg + ε
∗)nr + Unr(nr − 1)/2] + V ntopnbot where nr =
∑
σ d
†
rσdrσ represents
the number operator for the r-dot with drσ the annihilation operator for an electron on the top or bottom dot with
spin σ, U the local Coulomb repulsion, V the inter-site Coulomb repulsion, ε∗ the on-site energy, Vg the gate voltage
and e the elementary charge. The collective index n of the system is here explicitly written in terms of its orbital and
spin components r and σ. We want to express this Hamiltonian in terms of the pseudospin of the system. We use
therefore the following definitions for the total number operator N =
∑
r nr and the z-component for the pseudospin
Tz =
∑
σrr′
1
2d
†
r′σ(σz)rr′drσ where σz is the z-Pauli matrix:
ntop =
ntop + nbot
2
+
ntop − nbot
2
:=
N
2
+ Tz, (1)
nbot =
ntop + nbot
2
− ntop − nbot
2
:=
N
2
− Tz (2)
to obtain
HS =
(
ε¯− U
2
)
N +
U + V
4
N2 + (U − V )T 2z (3)
where ε¯ = eVg + ε
∗. In this representation of the Hamiltonian, it is evident that the difference of the local and
inter-site Coulomb repulsion translates into an easy-plane anisotropy of the pseudospin, i.e. it is energetically more
favorable for the pseudospin vector to point in the σx-σy-plane than to point in the σz-direction where one has to pay
extra energy to localize the electrons on one dot. Interestingly, a top-bottom tunneling t in the Hamiltonian could be
seen in the framework of pseudospin as a pseudo-magnetic field:
HS =
(
ε¯− U
2
)
N +
U + V
4
N2 + (U − V )T 2z +Bt · T (4)
with Bt,x = 2Re t, Bt,y = 2Im t and Bt,z = 0 associated to a top-bottom tunnelling amplitude t. This tunnelling
process would lift the orbital degeneracy of our system and thus destroy the pseudospin resonances if the magnitude
of such Zeeman-like splitting is big enough. We argue that a small hopping |t| < ~Γ is not detrimental as the coupling
to the leads Γ can not resolve the lifted degeneracies. Therefore, one still expects interference effects to appear and
the pseudo-magnetic field Bt would simply add to the exchange one generated by the tunnelling to the leads.
LAMB SHIFT HAMILTONIAN
In this section, we deduce the Lamb shift Hamiltonian for the one-particle subspace with the help of the reformulated
system Hamiltonian. The α-component of the spin S and the pseudospin T operators in the one-particle subspace
are defined by
(P1SαP1)rσ,r′σ′ =
1
2
δrr′ (σα)σσ′ , (5)
(P1TαP1)rσ,r′σ′ =
1
2
δσσ′ (σα)rr′ (6)
where σα are the Pauli matrices and Px =
∑
`σ |`σ〉 〈`σ| are the projector operators of the x-particle subspace. For
example P1 runs over the four states |top ↑〉, |bot ↑〉, |top ↓〉 and |bot ↓〉. The principal values stemming from the
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2energy integration are denoted in the following by pl(x) = ReΨ
(0)( 12 +
i(eVg+x−µl)
2pikBT
) where Ψ(0)(z) is the digamma-
function. The Lamb shift Hamiltonian reads then
HLS =
∑
lrσr′σ′
(Γl)rσ,r′σ′ P1
[
d†rσpl (E1 −HS) dr′σ′ + dr′σ′pl (HS − E1) d†rσ
]P1. (7)
We insert the system Hamiltonian (cf. (3)), and perform a Taylor expansion with respect to the anisotropy component.
Exploiting the relation P2T 2zP2 =
(P2T 2zP2)n for n ≥ 1, we can simplify the terms containing T 2z :
P2pl
(
ε¯+ V − µl + (U − V )T 2z
)P2 = P2pl (ε¯+ V − µl) + ∞∑
n=1
1
n!
p
(n)
l (ε¯+ V − µl) (U − V )n P2T 2zP2
= P2
[
pl (ε¯+ V − µl) + T 2z (pl (ε¯+ U − µl)− pl (ε¯+ V − µl))
]P2
= P2
[
pl (E2g − E1) + T 2z (pl (E2e − E1)− pl (E2g − E1))
]P2. (8)
We further simplify the term containing T 2z using the relation
P1dr′σ′T 2z d†rσP1 =
1
2
P1dr′σ′d†rσP1 +
∑
k
(σz)krP1dr′σ′d†kσTzP1. (9)
Some algebra leads eventually to the following formulation of the Lamb shift Hamiltonian, obtained under the addi-
tional assumption of parallel spin polarisation of the leads:
HLS =
∑
l
Γ0l [pl (E1 − E0) + 2pl (E2g − E1) + pl (E2e − E1)]P1
+
∑
l
Γ0l [pl (E1 − E0)− pl (E2g − E1)]P snsl · P1SP1
+
∑
l
(1 + P s)Γ0l (pl (E1 − E0)− pl (E2g − E1))P ol nol · P1TP1
+
∑
l
(1− P s)Γ0l (pl (E2e − E1)− pl (E2g − E1))P ol (nol )z P1TzP1. (10)
The first two terms do not contribute to the time evolution of the reduced density matrix in the one-particle subspace,
as the parallel spin polarization defines a common quantization axis. Finally, we transform the Lamb shift induced
dynamics for the reduced density matrix into equations of motion for the pseudospins:(
ρ˙∞red,1
)
LS
=
i
2pi
[
HLS, ρ
∞
red,1
]⇐⇒ (T˙σ)
LS
= Bσ × Tσ. (11)
Assuming constant interaction (U = V ), the energies E2e and E2g coincide. This implies that also the last term of
(10) vanishes. Consequently, only one pseudo spin resonance is present in the stability diagram (cf. Fig. 1).
TRANSPORT THEORY
We outline in this section the transport theory used for the calculation of the cotunneling current presented in
Fig. 2 and Fig. 4 of the main text. The starting point of the derivation is the Liouville-von Neumann equation which,
written in terms of the Liouville superoperator L(t), reads:
L(t)X := − i
~
[H(t), X] =⇒ ρ˙(t) = L(t)ρ(t) (12)
where H(t) is the - in general - time-dependant Hamiltonian and ρ˙(t) is time-derivative of our density matrix. The
Liouville superoperator acts on a generic matrix X in analogy to a matrix which acts on a vector. In the case of the
time-independent Hamiltonian H which we consider in this Letter, the Liouvillian can be written as L = LB+LS+LT.
Based on (12), we can deduce a generalized master equation (GME) which can accurately describe the time evolution
of our system while rigorously taking into account not only the populations of the underlying density matrix but also
all its coherences. Only then it is possible to capture interference effects in all their facets. The method of choice to
3FIG. 1. Differential conductance for P s = 0.99 and constant interaction (U = V ): The stability diagram of a double quantum
dot where U = V = 1 shows only one pseudospin resonance in comparison with Fig. 2 (d) of the main text where two resonances
for the different spin species appear. The plot should highlight the fact that the pseudospin anisotropy is the main cause for the
synthetic spin-orbit effect. Changing the spin polarisation at constant interaction does not alter the differential conductance
in agreement with (7) of the main text. The calculation is performed with the same cotunneling code as in Fig. 2 of the main
text. The chosen parameters are the following: U = 1V , kBT = 0.05V , P
o = 0.99, θ = 0.95pi, ΓR = 2.5 × 10−3V = 2ΓL,
ε∗ = −2V and W = 250V .
derive a GME is the Nakajima-Zwanzig projection operator technique [1, 2]. The main idea of Nakajima and Zwanzig
is to split the total density into two parts: one where the quantum dot system and the leads are separated (Pρtot)
and one where the entanglement of the quantum dot system and the leads is captured (Qρtot). This is done by the
two projectors
PX := TrB {X} ⊗ ρB, (13)
QX := (1− P)X (14)
with X an arbitrary density matrix and TrB is the trace over the bath. The Nakajima-Zwanzig equation reads
P ρ˙(t) = LSPρ(t) +
∫ t
0
ds K(t− s)Pρ(s) (15)
with the Kernel superoperator K(t) = PLTG¯Q(t)LTP. The propagator for the entangled part is defined as G¯Q(t) =
e(LS+LB+QLTQ)t. The Nakajima-Zwanzig equation is so far exact to all orders in the tunneling Hamiltonian HT and
the Markovian approximation is not performed so that the time evolution, not only the steady-state, is captured
exactly via the propagator G¯Q(t). In this Letter, however, only the steady-state is of interest. The steady-state of
the reduced density matrix is reached at an infinite time and is per definition ρred(t→∞) = TrB {ρ(t→∞)} := ρ∞red.
The steady-state of the reduced density matrix allows us to calculate the expectation value of any observable O of
the system in the steady-state like the current or the spin: 〈O〉∞ = Tr {ρ∞O} = TrS {ρ∞redO}. With the help of a
Laplace transformation, the convolutive form of the Kernel and the final value theorem, we can simplify (15) to
ρ˙∞red = 0 = Lρ∞red = (LS +K) ρ∞red (16)
with
Kρ∞red = TrB
{
LT
∞∑
n=0
(
G˜0QLTQ
)2n
G˜0LTρ∞red ⊗ ρB
}
. (17)
G˜0 = limλ→0+ G˜0(λ) = limλ→0+ [λ− LS − LB]−1 is the free propagator of the system and the bath in Laplace space.
It should be noted that the limit limλ→0+ should be performed at the very end of the calculation and not in the
4free propagator alone. In the following, this fact that the limit still has to be performed is marked with 0+ in the
propagators. The form of the propagator G˜Q(λ) stems from a Dyson equation. A perturbative approximation is only
valid in the so-called weak coupling limit where the tunneling rate is small compared to the temperature (~Γ kBT ).
Sequential tunneling
Considering the full Kernel from (17) to the lowest non-vanishing order, K = K(2) + O(H4T), we get the following
sequential tunneling Kernel
K(2)ρ∞red = TrB
{
LT 1
0+ − LS − LBLTρ
∞
red ⊗ ρB
}
. (18)
This Kernel will be also called second order Kernel due to the appearance of two Louvillians LT and therefore denoted
by the superscript ”(2)”. To simplify the notation of a superoperator X, let us introduce the parameter α which is
defined by [X, ρ] = Xρ− ρX := X+ρ−X−ρ = ∑α αXαρ. Using this notation for LT yields
LTX = − i~
∑
p=±
α=±
∑
lσk
n
p cp,αlσkt
p¯
l,nd
p¯,α
n X. (19)
In order to simplify the notation, we introduce the index p. For example, the superscript p = + indicates the conjugate
transpose of the matrix, d+n := d
†
n, or in the case of the tunneling amplitudes, the complex of it, t
+
l,n := t
∗
l,n. The
superscript p = − indicates an annihilation operator, d−n := dn, or a bare tunneling amplitude t−l,n := tl,n with the
property of the p-index: p¯ := −p. Furthermore, the operators transform to Liouville space superoperators like cplσk →
cp,αlσk where α indicates an operator which acts from the left (α = +) or right (α = −) side. Applying this on the second
order Kernel of (18) and using the Wick contraction to get the Fermi-function via Tr{c†lσkclσkρ} = 〈n〉 = f+l (εlσk) we
obtain
K(2)ρ∞red =
∑
nmp
l αα′
αα′ Γ¯pl,nmd
p¯,α
n d
p,α′
m Y
α
+ (χ) ρ
∞
red. (20)
In this short hand notation of the sequential tunneling Kernel several definitions apply. Firstly, we use now a
different definition of the tunneling rate matrix Γ¯pl,nm := 2pi/~
∑
σl g
0
σt
∗
l,ntl,m with the p-index and with the sum over
σ just running over the constant part of the density of states g0σ in order to simplify the expressions. Generally,
we define the density of states of the leads as glσ(ε) = ρ
0
σW
2/((ε − µl)2 + W 2) with the chemical potential µl for
the l-lead. The Lorentzian cut-off-function is needed for the energy integral evaluation but we argue that it is also
justified to introduce it because in real metals the bands are not infinite in terms of energy. The argument of Y nm is
χ = (∆Empα′ − pµl)/(kBT ) where T is the temperature, kB is the Boltzmann constant and ∆Empα′ is the energy
difference between the steady-state reduced density matrix and a virtual state where the operator dp,α
′
m is applied
on the former. The energy integration itself is contained in the Y nm-function with its dimensionless variables µ and
x, the dimensionless Fermi-function f (n)(x) and the Lorentzian cut-off-function L(W˜ , x) = W˜ 2/(x2 + W˜ 2) with the
dimensionless high energy band limit W˜ = W/(kBT ) to ensure the convergence of the integration:
Y nm (µ) := −
i
2pi
∫
dx
f (n)(x)L(W˜ , x)
m(x− µ) + i0+ . (21)
Applying the residuum theorem one gets for Y n+ (µ) [3],
Y n+ (µ) = −
1
2
fn(µ)− in
2pi
[
ReΨ(0)
(
1
2
+
iµ
2pi
)
− C
]
= −1
4
− in
2pi
[
Ψ(0)
(
1
2
+
iµ
2pi
)
− C
]
with the constant C = Ψ(0)( 12 +
W˜
2pi ) defined by the renormalized wide band constant W˜ . We furthermore introduced
the digamma-function
Ψ(0) (z) := −
∞∑
n=0
1
n+ z
+
∞∑
n=1
log
(
1 +
1
n
)
, z ∈ C. (22)
The constant C always disappears when summing over the α-indices. Therefore, we can drop C from the sequential
tunneling Kernel calculation.
5Cotunneling and pair tunneling
If we include the next leading order in the expansion of the Kernel, we get a Kernel which is valid up to the fourth
order: K = K(2) + K(4) +O (H6T). This regime of tunneling events up to fourth order in LT is better known as the
cotunneling transport regime. In this regime two new processes are included, namely the cotunneling ones and pair
tunneling ones. For the fourth order Kernel, we obtain according to (17):
K(4) =PLTG˜0QLTQG˜0QLTQG˜0LTP
=PLTG˜0LTG˜0LTG˜0LTP − PLTG˜0LTPG˜0PLTG˜0LTP.
Here we applied PL2n+1T P = 0 for n ∈ N and the fact that P respective Q commutes with G˜0 so that the outermost
Q-operators vanish and the innermost square to Q. If we let K(4) act on a density matrix, we get:
K(4)ρ∞red =
[
K(4,D) +K(4,X)
]
ρ∞red =
∑
{αi}{l}
∑
{n}{m}{p}
α1α4
kBT
Γ¯pl,nmΓ¯
p′
l′,n′m′[
Dα1α2++ (,, •)dp¯,α4n dp¯
′,α3
n′ d
p′,α2
m′ d
p,α1
m +X
α1α2
++ (, ?, •)dp¯,α4n dp¯
′,α3
n′ d
p,α2
m d
p′,α1
m′
]
ρ∞red (23)
with  = (µj3 − pµl)/(kBT ),  = (µ′j1 − pµl)/(kBT ), • = (∆j2 − pµl − p′µl′)/(kBT ) and ? = (µ′j1 − p′µl′)/(kBT ).
The subscripts {j1, j2, j3} of the energy differences µ′,∆ and µ indicate that these energies depend on the variables
of the first (α1, p,m), two first respective three first d-superoperators. More details on the derivation of this result
can be found for example in chapter 2 of [4]. The D-function is defined by
Dnn
′
pp′ (µ, µ
′,∆) = − i~
4pi2
∞∫
−∞
dx
∞∫
−∞
dx′
f (n) (x)
i0+ + p (x− µ)
1
i0+ + px+ p′x′ −∆
f(n
′) (x′)
i0+ + p (x− µ′)
=
2pi2n (ipi + 2Cn′)
i~ (µ− µ′)
[
Ψ(0)
(
1
2
+
iµ
2pi
)
−Ψ(0)
(
1
2
+
iµ′
2pi
)]
− 2pinn
′
~
∞∑
k=0
Ψ(0)
(
1 + k + i∆2pi
)(
k + 12 +
iµ
2pi
) (
k + 12 +
iµ′
2pi
) (24)
and the X-function reads
Xnn
′
pp′ (µ, µ
′,∆) = − i~
4pi2
∞∫
−∞
dx
∞∫
−∞
dx′
f (n) (x)
i0+ + p (x− µ)
1
i0+ + px+ p′x′ −∆
f(n
′) (x′)
i0+ + p′ (x′ − µ′)
= −4pi
2
i~
nn′
µ+ µ′ −∆Ψ
(0)
(
1
2
+
iµ
2pi
)[
Ψ(0)
(
1
2
+
iµ′
2pi
)
−Ψ(0)
(
1
2
+
i(∆− µ)
2pi
)]
+
2pinn′
~
∞∑
k=0
Ψ(0)
(
1 + k + i∆2pi
)(
k + 12 +
iµ′
2pi
)(
k + 12 +
i(∆−µ)
2pi
) . (25)
It should be noted that there are many special cases (like ∆ = 0) where the D- and X-functions become fully analytical.
It can be shown that this superoperator formalism is equivalent to the ansatz in the dissertation of S. Koller [5]. The
superoperator formalism, though, treats the problem in the Liouville space and maps into a more compact single-path
diagrammatics [6]. Koller’s approach is performed in the Hilbert space and maps into a double-path diagrammatics,
closer to the real time diagrammatics [7, 8]. We formulated here also an expression for the imaginary part of the
energy integrals (24) and (25) of the fourth order Kernel which are needed for the time evolution of fourth order
coherences.
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